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Considered system

e the Bose condensed gas at thermal equilibrium— statistical
ensembles (microcanonical or canonical) of Bose c-figlds

e 3D spatially homogeneous system with periodic boundary
conditions — box of volumeV — dynamics of the Bose fields
given by the nonlinear Schrodinger equation (NLSE)

o small non condensed fraction +ew temperature
e total number of atoms fixed
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Condensate

Special case — box potentiaV/(r) = O with periodic boundary
condition. Natural basis of the problem are plane waves:

w(r,1) = ) a(t)e"
Kk

e the condensatas the zero momentum component

ao(t) = €0 \/No(t)

e anddy(t) is the condensate phase
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What we expect?

T=0:
correlation functionay(t)ag(0)) oscillates with frequency —
no phase spreadingBeliaev 1958)
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What we expect?
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T #0:
Interactions withthermal atoms perturb the condensate phase—
correlation functionay(t)ag(0)) decays at long time
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A

phase

Due to interactions condensate phas
will be not exactly the same in each re
alisation of the field. Phase spreads ir
time.

variance of phase

-

time
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Previous predictions atT # 0

e Quantum optics inspired approaches:Var ¢(t) ~ 2Dt.
D. Jaksch, C. Gardiner, K. Gheri, P. Zoller PRA (1998).
R. Graham PRL (1998), PRA, JMO (2000).

o Manybody approach : Var ¢(t) ~ agogt?
A. Kuklov, J. Birman PRA (1998)The prediction neglects
Interactions among Bogoliubov modes.
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Important aspects not included in previous treatments:

e Interactions among the non-condensed Bogoliubov modes

e condensate and non-condensate partssafeted system
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Numerical experiment

The condensate and the thermal fraction are describingnigyesi
c-filed (the classical fields method)

e advantages:classical field can be simulated exactly and contain
the full non-linear dynamics

kgT
€k

e UV catastrophe: ng =
depend on cut-off)

1 .
# 2= — cut-off is needed (results

A. Sinatraet al, PRL87, 210404 (2001); M.J. Davist al, PRL87, 160402
(2001); M. Brewczyket al, J.Phys.B40, R1 (2007)
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Classical fields simulations

e att = 0 and temperaturé generateensemble of fieldg(r, t)
t=0
Py(t)

(t
P(t) )

4(t)

e evolvewith NLSE:

2

o h
i (1, 1) = (——A T P

2m

o extract the condensatemodeay(t) = |agle '?™ by using FFT

o calculatevariance of the phase Vaft) = (¢(t)? ) — (¢(t) )* with
o(t) = 6(t) — (0), where averages are over fields’ realisations
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Initial state in canonical ensemble

Classical fields generated for a given temperalfuesd number of
atomsN. Fluctuations of energy are presenin the field samples.
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Initial state In microcanonical ensemble

Classical fields generated fgiven energykE andnumber of atomsN.
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For convenience, we parametrize the microcanonical ensert@by the temperatureT such
that the mean energy in the canonical ensemble at temperatefT is equal toE.

Quantum Technologies, 29 August — 3 September 2010, Toru n




Result

Variance of the phase depends strongly on the ensemble!

In the canonical: ballistic expansioVar ¢ ~ t2.

In the microcanonical: diffusive motionVare ~ t.
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Analytical approach

Split the c-fieldy into condensate and non condensed parts:

u(r.1) = a"T‘Vt) Fu (1)

the non-condensed parexpanded over the Bogoliubov modes:

_ eikr
yo(r,t)=e" ;}(Ukbk(t) + Vi b’ (1)) N

Hamiltonian:

H=FEgy+ Z exb bk + cubicterms + quarticterms
k+#0

condensate modeag(t) = €%V v/Np(t)
occupation number of Bogoliubov modesny(t) = (b(t), b(t),)
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Correlation function

phase variance:
Varg(t) = 2t [ C(r)dr — 2 [} 7C()dr

wherecorrelation function: C(t) = {¢(t)¢(0)) — {o(t)){¢(0))

00

Diffusive: A¢2 ~ 2t[ Cf) dt

‘0

\\Ballistic: A¢2 ~Af

C(")

C()

>
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How to calculate C(t) ?

One gephase derivativefrom equationssay = 25 andy = —Re[%]:

aa;;
- _H
Q h+ E AN,

CO = ) D A (nk()one (0)) = AX(t)
k Kk’
where

on (t) = N (t) — Nk
and A = 2 (U + Vi)%, X(t) = 2k A (Snie(t)snie (0))

To calculate X(t) we need description of mode occupation numbens, (t)!
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Kinetic equation

hk = —Ing + I(nk)

where dampind’y and gainl (ny) rates are calculated within
Bogoliubov method by using Fermi golden rule.
Important aspects:

e condensate treated as a isolated system

e Landau and Beliaev processes included:q — " and
K—>g+d
keT

€k

e Stationary solutionny =

Further steps:
o linearize the kinetic equations to have equation for
sne(t) = n(t) =N,  dn= Mén
e get linearized equations for the correlation functions
(ong(t)ong-(0)y, and vectok = MX
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Analytical result

Asymptotic expression for the condensate phase variance:

Varp(t) ~ At + Bt+C  for t — oo
with:

1 (dﬂ)z
A=—=|—= Var E
2 \dE/-_g

B=-2AM1X0) and C=-2AM7?X(0)

o we found explicit expressions f@& andC in terms ofM and
t = O correlation functions

e B andC do not depend on energy fluctuations in the initial state
e A, BandC depend on temperature

A. Sinatra, Y. Castin, E. Witkowska, Phys.Re\88, 033614 (2009)
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Ballistic spreading of the phase

Initial states y/(t = 0) in canonical ensemble Analytical treatment
(blue lineg against classical fields simulations (points).
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A. Sinatra, Y. Castin, E. Witkowska, Phys.Rev/B, 033616 (2007)
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Phase Dffusion

Initial states y/(t = 0) in microcanonical ensemble Analytical
treatment x) against classical fields simulationg.(
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A. Sinatra, Y. Castin, Phys.Rev.28, 053615 (2008)
A. Sinatra, Y. Castin, E. Witkowska, Phys.Re\88, 033614 (2009)
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Quantum theory

Calculations within quantum theory can be found in:

A. Sinatra, Y. Castin, E. Witkowska, Phys.Rev.A 80, 0336142009)
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Conclusions

e usingkinetic equationswe calculated how the variance of the
phase grows in time for a nonzero temperature:

Varp(t) ~ At + Bt+C  for t — oo
o ballistic spreading of the phase Is present within canonical
distribution of the initial statesA « Vark

e after suppression of the energy fluctuations phase undergo
diffusion motionwith D = B8/2

e classical fields simulationsas a guideline and test of predictions
of the quantum theory
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