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The disordered Bogoliubov problem

Ĥ =

∫
dd r Ψ̂†

[−~2
2m
∇2 − µ+

g

2
Ψ̂†Ψ̂ + V (r)

]
Ψ̂

SF phase: Bose statistics > interaction > disorder

Bogoliubov (1947): Ψ̂ = Φ + δΨ̂

Where is the problem? V (r) random: laser speckle





Inhomogeneous Bogoliubov theory

Ψ̂(r) = Φ(r) + δΨ̂(r)

Φ(r)

r

1 Expand Ĥ around deformed ground state Φ(r) = Φ[V (r)]
2 Bring excitation Hamiltonian into impurity-scattering form

Ĥ =
∑
k

εk Γ̂†kΓ̂k +
∑
k,k′

Γ̂†kVkk′ Γ̂k′

g=07→
∑
k

ε0k â
†
kâk +

∑
k,k′

Vk−k′ â
†
kâk′

k− k′

~k′

k

3 Compute physical quantities using machinery of perturbation
theory. Potential correlation

~ ~q = |Vq|2 = V 2σdCd(qσ), σ ≈ 1µm

I Examples:
condensate depletion (figure of merit)
quasiparticle dispersion (sound velocity, DOS, . . . )



1. Saddlepoint expansion

Ground state: Φ(r) =
√
n(r) solves Gross-Pitaevskii eq.

[−~2∇2

2m − µ+ g |Φ(r)|2]Φ(r) = −V (r)Φ(r)

Excitations:

Ψ̂(r) = e iδϕ̂(r)
√
n(r) + δn̂(r)

≈ Φ(r) +
1

2Φ(r)
δn̂(r) + iφ(r)δϕ̂(r)

Homogeneous case V = 0:

γ̂k =
1

2ak
√
n
δn̂k + iak

√
n δϕ̂k

a2k = ε0k/εk , εk =
√
ε0k(ε0k + 2gn) kξ
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c

εk
gn

Ĥ =
∑
k

εk γ̂
†
kγ̂k, [γ̂k, γ̂

†
k′

] = δkk′



Inhomogeneous BEC Φ[V (r)]:

Ĥ =

∫
dd r

{
~2

2m

[(
∇ δn̂

2Φ

)2
+

(∇2Φ)

4Φ3
δn̂2+Φ2(∇δϕ̂)2

]
+
g

2
δn̂2
}

Scattering Hamiltonian

Ĥ =
∑
k

εk γ̂
†
kγ̂k+

1

2

∑
k,k′

(
γ̂†k, γ̂−k

)( Wkk′ Ykk′

Ykk′ Wkk′

)(
γ̂k′

γ̂†−k′

)

Nambu spinors: Γ̂†k = 1√
2

(
γ̂†k, γ̂−k

)

Ĥ =
∑
k

εk Γ̂†kΓ̂k +
∑
k,k′

Γ̂†kVkk′Γ̂k′



Excitations

δΨ̂(r) =
∑
k

[uk(r)γ̂k − v∗k (r)γ̂†k]

expressed in a basis of deformed plane waves:

uk(r)
vk(r)

=
1

2

(
Φ(r)

ak
√
n

+
−

ak
√
n

Φ(r)

)
e ik·r

Satisfies bi-orthogonality∫
dd r [u∗k(r)uk′(r)− v∗k (r)vk′(r)] = δkk′ ,

including the zero mode Φ[V (r)]!
V =

(
W Y
Y W

)
exact in disorder!

Smoothing [Sanchez-Palencia 2006]: expansion in v = V /gn� 1

Φ[V (r)] =
√
n + Φ(1)(r) + Φ(2)(r) + . . .

V = V(1) + V(2) + . . .

= ~ + ~~ + . . .



2. Condensate depletion induced by disorder

Non-condensed density δn := L−d
∫
dd r

〈
δΨ̂(r)†δΨ̂(r)

〉

δn =
1

4nLd

∑
k,k′

{[
akak ′ ňk′−k +

nk′−k
akak ′

]〈
γ̂kγ̂
†
k′

+ γ̂†
k′
γ̂k

〉
+

[
akak ′ ňk′−k −

nk′−k
akak ′

]〈
γ̂kγ̂−k′ + γ̂†

k′
γ̂†−k

〉
− 2δkk′

}
,

Get condensate profile n(r) and ň(r) = 1/n(r) from GPE

Get expectation values
〈
γ̂†
k′
γ̂k

〉
etc. from Matsubara-Green

Clean system at T = 0:

δn(0) =
1

4

∫
ddk

(2π)d
[
ak − a−1k

]2
=

cd
ξd
� n



Disorder-induced condensate depletion at T = 0:

δn(2) =: δn(0)v2∆(
σ

ξ
)� n
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white noise ← → Thomas-Fermi

Primary effect of disorder: condensate deformation
Secondary effect: condensate depletion. Bogoliubov theory rules!



3. Disorder-averaged excitation spectrum

Retarded Nambu-Green function

Gkk′(t) :=
Θ(t)

i~

〈[
Γ̂k(t), Γ̂†

k′
(0)
]〉

Dyson: G =
[
G−10 − Σ

]−1
Self-energy Σ(2) = ~ ~ + ~~

Renormalized dispersion

εk = εk + Σ11(k , εk)



Renormalized speed of sound

kξ
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εk =
√
ε0k(ε0k + 2gn)

εk
gn

ck

ck

∆c k



Disorder-shift of sound velocity at kξ → 0:

∆c

c
= 2v2

∫
ddq

(2π)d
q2ξ2 − (2 + q2ξ2) cos2 β

(2 + q2ξ2)3
σdCd(qσ),

β

k

q
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∆c < 0
Correlated disorder 6= white noise [Giorgini, Pitaevskii, Stringari ’94].



Parameter space

Condensate healing length ξ = ~/
√

2gn

Speckle correlation length σ

Excitation wavelength λ = 2π/k

σ

ξ

kσkξ

σ
=
∞

k = ∞
ξ
=
∞

σ
=
0

k = 0

ξ
=
0
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Data points: t-dependent GP in red/blue detuned

LDA c(r) =
√

g/mΦ(r) cannot

But weak lattices also can [Taylor & Zaremba 2003, Liang at al. 2008]



Conclusions

Ĥ = εΓ̂†Γ̂ + Γ̂†V Γ̂

true quantum depletion〈
δΨ̂†δΨ̂

〉
disorder

Σ(2) = ~ ~ + ~~

I [Gaul & Müller, arXiv:1009.5448 and

arXiv:1101.4781 (PRA)]

To do:
superfluid fraction,
T > 0,
. . .

σ

ξ

kσkξ

σ
=
∞
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ξ
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σ
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k = 0

ξ
=
0


