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Introduction: The system 

Homogeneous (3D) Fermi 

gas of same spin state 

m, kF

Distinguishable impurity 

(boson/fermion) 

M

s-wave interactions          : Scattering length a

Magnetic Feshbach resonance: Change      at will !!   a



Introduction: The system 

The ground state has two quasiparticle branches: 
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Introduction: Narrow Feshbach resonance 

r12
a = abg

(

1 −

∆B

B − B0

)

∆B ≡ RESONANCE WIDTH 

(i) Theoretically: Extra parameter         effect on the polaron/dimeron ? 

(ii) Experimentally:                     mixtures, narrow Feshbach resonances   
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Outlook 

1! Two-channel model Hamiltonian 

2! Variational ansatz 

3! Integral equations: Polaron, dimeron 

4! A discrete state coupled to a continuum 

5! Properties of the two branches at P=0: 

a)! Polaron-to-dimeron crossing point 

6! Non-trivial weakly interacting limit 



Two-channel model Hamiltonian 

εk =
!2k2

2m
, Ek =

!2k2

2M
, r =

M

m
, krel = µ

(

k

m
−

k′

M

)

{ûk, û†
k′} = δkk′ , {d̂k, d̂†

k′} = δkk′ , [b̂k, b̂†
k′ ] = δkk′

Ĥ =
∑

k

[

εkû
†
k
ûk + Ekd̂

†
k
d̂k +

(

εk

1 + r
+ Emol

)

b̂
†
k
b̂k

]

+
Λ
√

V

∑

k,k′

χ(krel)(b̂
†
k+k′ ûkd̂k′ + h.c.)

0 k
max

0

1 χ(krel) lim
kmax→+∞

χ → 1

µ =
mM

m + M



Variational ansatz, total momentum P = !K

|ψpol(P)〉 =
(

φ d̂
†
K +

′
∑

q

φqb̂
†
K+qûq +

′
∑

k,q

φkqd̂
†
K+q−kû

†
kûq

)

|FS : N〉

|ψdim(P)〉 =
(

η b̂†K+
′

∑

k

ηkd̂†K−kû†
k+

′
∑

k,q

ηkqb̂†K+q−kû†
kûq+

′
∑

k′
,k,q

ηk′kqd̂†K+q−k−k′ û
†
k′ û

†
kûq

)

|FS : N − 1〉
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Integral equations in the thermodynamic limit 

∫
′d3k′d3q′

(2π)6
M[∆Edim(P),P;k,q;k′,q′]ηk′q′ = 0

ηkq = η(k, q, θ)
k

q

θ

∆Epol(P) = EK +

∫
′ d3q

(2π)3
1

Dq [∆Epol(P),P]

a, R∗, M/mTotal of three parameters: 

Dq (E,P) =
1

g
−

µkF

π2!2
+

µ2R∗

π!4

(

E + εq −

εK+q

1 + r

)

+

∫

′ d3k′

(2π)3

(

1

EK+q−k′ + εk′ − εq − E
−

2µ

!2k
′2

)



A discrete state coupled to a continuum 

K| 〉

K| 〉

∆E
.

.

.

Λ

Λ

Λ

Λ

Λ

Lower border of the continuum 

(1) Discrete state EXPELLED from the continuum, remains a discrete state. 

(2) Discrete state DILUTED in the continuum, becomes a resonance:  

∆E → ∆ER + i∆EI ∆EI ! ∆ERof physical interest if 



Properties of the two branches at P=0  
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Polaron-to-dimeron crossing point 

a > 0

In vacuum, for ANY value of         , one has 

a two-body bound state iff 

R∗



Intuitive picture 
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Emol < 0

(1) Two particles in vacuum: 

Question: When do we have a two-body bound state ? 

(i) Naïve answer: 

Ẽmol = Emol −

∫
d3k

(2π3)

χ2(k)Λ2

!2k2

2µ

⇒ Ẽmol = −
Λ2

g

Ẽmol < 0 ⇐⇒ a > 0

(ii) Lamb shift due to vacuum fluctuations in the open channel: 



Intuitive picture 

(2) One impurity in a Fermi sea: 

Question: When do we have a two-body bound state ? 

(i) Effect on the Lamb shift 

(ii) Change of the dissociation threshold, 

TWO EFFECTS 

Ẽ′

mol = Emol −

∫

k>kF

d3k
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′
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 Test of intuitive picture 

1

kFa
=

2

π
−

M

m + M
kFR∗



Quantitative analytical result described later 
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Same slope as intuitive picture, but exact calculation 

of the INTERCEPT of the asymptote 



Non-trivial weakly interacting limit 

fk =
−1

1

a
+ ik + k2R∗

Standard weakly interacting limit: 

a → 0
−, R∗ fixed!

Loose information on the narrowness of the resonance 

a → 0−,
1

a
and R∗ proportional

Non-trivial weakly interacting limit: 



Non-trivial weakly interacting limit 

s ≡

r

1 + r
(−aR∗)

1/2
kFLIMIT: 

{

a → 0−

R∗ → +∞

FIXED 

gDq(∆Epol) →

a→0−

1 − (sq/kF)2

(1) Polaron: P = 0

∆Epol ∼

a→0−

2EF

1 + r

r

kFa

π

1

s2

[

1

2s
ln

1 + s

1 − s
− 1

]

∆Epol = g

∫
′ d3q

(2π)3
1

gDq [∆Epol,0]
g =

2π!2
a
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Non-trivial weakly interacting limit 

s ≡

r

1 + r
(−aR∗)

1/2
kFLIMIT: 

{

a → 0−

R∗ → +∞

FIXED 

(2) Dimeron: P = 0

g =
2π!2

a

µ
D0(∆ECooper + EF,0) = 0

∆ECooper →

a→0−

∆E
(0)
Cooper ≡ EF

[

r
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1

s2
− 1

]

∆E
(1)
Cooper = −2EF
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s
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Non-trivial weakly interacting limit 

s ≡

r

1 + r
(−aR∗)

1/2
kFLIMIT: 

{

a → 0−

R∗ → +∞

FIXED 

(3) Crossing: P = 0

∆E
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Non-trivial weakly interacting limit 
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M/m = 1, R∗ = 0 : analytics != numerics → 3%



Conclusions 

Homogeneous (3D) Fermi gas of same spin state 

s-wave interactions          : Narrow Feshbach resonance 

∆B ≡ RESONANCE WIDTH R∗ =
π!4

Λ2µ2
∝

1

∆B

A new lengthscale appears 
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Conclusions 

Simple variational ansatz limited to at most ONE 

pair of particle-hole excitations 

Ground state: polaron-to-dimeron crossing point 

Physical interpretation in terms of the Lamb shift 
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Conclusions 

Non-trivial weakly interacting limit 
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FIXED 


